Mathematical Methods II

30 January 2012
12:01

80% exam

20% CE- 3 assignments
Course

Fourier series

Fourier Transform
Complex Analysis

=> Introduce mathematical material, which allows us to describe physical concepts & solve
physical systems accurately
=> Emphasis on applications

Not focus on proofs
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Fourier Series

30 January 2012
12:12

Step 1
Maths
Suppose f(x) is a periodic function
(x is a dimensionless real number)
With period 21
flx+2m) = f(x)
THEN (fourier's theorem)

Qo .
f(x) =—=—+ ) (a,cos(nx) + b, sin(nx))

Where a,,, b,, are constants

(proof is non-trivial)

Proof by example

There are 3 ways to express this: (1)

Qo
fx)=—+ A, cos(nx + ¢y,)
(2)

3)
SHOW forms are equivalent
- Need to remember
sin(a + b) = sinacosb + cosasinb
cos(a + b) = cosacosh —sinasinb
So
A, cos(nx + ¢,) = A, cosnx cos ¢, — A, sinnx sing,
So (2) = (1) provided
a, = Ay cos ¢,
b, = —A, sing¢,

Take eqn(b)/eqn(a)
Express this

b sin
n_ _ ¢n — —tan ¢n
a, cos ¢,
by,

= Py = —tan‘la—
n

So

[o¢]

oo
Z cpe™ =cy+ Z(cnemx + c_pe~mx)

n=-—oo n=1

=co+ Z((cn + ¢p) cosnx + i(c, — c_p) sinnx )
n=1
So comparing (1) and (2)
=%
Co =
Cptc_p, =ay
=eq(c)
Cph—C_p=Dby
=eq(d)

Note eq(c) — ieq(b) = (¢, + c_p) + (¢ — c_p) = ap — ib,
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= 2c, =a)n—ib,

1
Cn = E(an —iby)
Note: Fourier series works for both real and complex values f(x)
fx):R—>C

In form (1) a complex f(x) corresponds to a complex a,, &b,
In form (3), a real f(x)

Formulate for a,, &b,
We will need the identity

2T
Inm = f sin(nx) sin(mx) dx
0

n,m integers

Integrate[Sin[n*x]*sin[m*x],{x,0,2Pi}]
We use

sinasinb = cos(a — b) — cos(a + b)

1 21
Inm = —J {cos ((n — m)x) — cos((n + m)x)}dx
2Jo

1 [sin((n —m)x) 2n 1 [sin((n +m)x) 2n

2 n—m 2 n+m

0 0

—1(0 0) 1(O 0)=0
=3 5 =
Inm =0
ifm+n+0&m-n=0
m—n=0-n=m
21

Inm = cosnx cosnx dx

0
2

=f cos’nxdx >0
0

21 1
:f dx—=(1+ cos2nx)
0 2

_12
—E T[+[

sin an]27r
Zn 0

For any periodic function
fx+2m) = f(x)
We can define x € [0,27)
ORx € (—m, 7]

Note

21

f(x)dx=f f(x)dx
0 -7

ALSO (exercise)
T
-f sinnx sinmx =?
-1
s
f sinnxcosmx =0
-1
Return to Fourier series
(o)
ag _
fx) = > + ) (a, cosnx + b, sinnx)
n=1

Take

[o0]
71' 71' a [
J f(x)cosmxdx = J dx;ocos mx + Z (J a, cos nx cosmx + b, sinnx cosmx dx)
-7 -7 — \Y-T
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=0+ Z Ty man +0
n=1
=na,,

So

1 s

Aym = —f f(x) cosmx dx
TJ) g

Exercise- check

1 s
by, = —J f(x) sinmx dx
L

agy?
Take

s
f f(x)dx
- .
ag (™ .
=7f 1dx+2f(an cosnx + b, sinnx)dx = ma,
-n n=1

1 s
ag = Ef_ f(x)dx

Comments on even + odd functions
EVEN

f(=x) = f(x)
0DD

fl=x) = =f(x)
Explicitly
1
h(x) =7 (fe) + f(=x))
Explicitly even
1
90 =5 (f) = f(=))
Explicitly odd
h(x) —g(x) = f(x)

Multiplying together
fO) = fi(0)f2(x)

X - Even | 0dd
Even Even 0dd
0dd 0dd Even

IF f(x) is ODD

fnf(x)dx =0
IP_‘7]TC(x) is even
f f(x)dx = ZJ f(x)dx

T 0
Fourier series of even & odd functions simplify

If f(x) is an even function

=>b,=0
Qo
& f(x) = 7+ Z a, cosnx
n=1
Proof

1 Vs
b, = —f dx f(x) sin(nx)
TJ)_ g
Even * odd=odd
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Since integral is odd
If f(x) is odd
a,—ay=0

=f(x) = z b, sinnx
n=1
Proof

1 s
a, = —f dx f(x) cosnx
TJ) g
Odd*even=o0dd
=0
Since integral is odd

EXAMPLE
Periodic function with period 27
(1 xe(,mn) }
f@x) = {—1 x € (—m,0)

"square wave"

So
2 s
b, = —J sin(xn) dx
o

21 cosnxy®
=

T n
_2 cosnm ( cosO)
o n n
2
= —[1 — cos(nm)]
m
cos(nm) = (=1)"
b —21[1 ="
n=_—[1- -1)"]
) 4
7
b2=0
b 41
37 13
b4=0
41
>7 15

S
0 ap LUVSUROR B
f(x) = ; [Sln(x) + §sm( x) + gsm( x) + -

a¢ 1 o1
= Erzlzn_ 1sm(( n )x)

Define a bit better what we mean by f(x)=
Define

14
a
fo(x) = 70 + Z (a, cosnx + b, sinnx)
n=1

Note that f, is continuious
Then

fo(x) = f(x)

Asp - o
"almost everywhere"

"almost everywhere"

=except at points where measure is zero
Note
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f (F - f,)dx 0
IF f(x) isncontinuous
fp(x) = f(x) everywhere

Suppose function is discontinuous at point (a)

Suppose
lim @t = f~(a)
x—-a
llm ..... — f+(a)
x—-at
If

sinAcosB = %(sin(A + B) +sin(4 — B))

a, = lfnsin((n + 1)x) + sin((n — 1)x) dx
Ty
= %j sin((n + 1)x) — sin((l — n)x) dx
1 cos(n + 1)x cos(n — 1)x
()
n+1l-1

1 <_ (D™ 1] [ (-D"1- 1D

s n+1 n—1
1 e G O L | 1
[n +1 n-— 1]
1—( 1)"+1 n-1)-mn+1)
[ n+1D(n-1)
n=1we have to do separately

n=1

Vi
a; = —f sinx cos x dx
TJo

1 Vs
=—f sin 2x dx
T Jy

cos 2x1"
el
2 1

1 Vs
aO:Ef f(x)dx
2 ™
=—f sinx dx
0

I

2 2
=—[—cos(x)]} = p= [— cosm + cos 0]

SRIRNS

|sinx| =?
"rectified ac-signal”

E6-triangle wave

fG) =x

—nMT<X<T

f(x+2m) = f(x)
f(x)isodd=a, =0,a, =0
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1 Vs
b”:__f dx x sinnx
TJ) g

T cosnx 1% T cosnx
xsinnx = [— x] - - 1
n 0 T

-1 n
= [% cos(nm) — (—_Tncos(—nx))] + Tll f_ :TTcos nx dx

yis 1 rsin nx1®
b == (1" + =[]
n n _,T

Extension to other periods

Suppose
f)=fx-L)
fO=ft+T)
Xphy = Xphy + L

Let

X
_ phy
Xmaths = 21 I

Xmaths 1S dimensionless &
Xmaths = xmagohs +2r

ay .
f(xmaths) = 7 + z an Cos(nxmaths) + by Sln(nxmaths)

o n=1
ag 2nn . [2mn
=5 + Z a, cos (Txphy) + by, sin (T xphy)
n=1

1 (™
an = ;f dXmaths cos(nx) + f(xmaths)
-

L
21 (2 2n
an = 7L _(%) dxphys cos (T xphys) f(xphys)
Applications

Driven harmonic oscillator
Solution for sin/cos = general case

Py = F ()
e dc T
m-mass

b-viscous cons
k=restoration term
F(t)=driving force
=>F({t+T)=F(t)
T=period
=two parts to problem
A. Solve when F(t)=0
"Solving homogeneous part”
If x; (t) and x,(t) are solutions, then so is x; + x;
2nd order linear differential equation
=Two linearly independent solutions
x(t) = a;x1(t) + azx,(t)
B. Find a particular solution for F(t) # 0
xp ()
General solution is x(t) = x,(t) + a;x; () + ax,(t)
d’x  dx
gz TY g Twox=f®
™
y =

3=

oN
3=

w
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. F
F=—
m
(vl = [e]74, wgl = [¢]17%)
*trick* Use a complex x*
x(8) = x,(t) + ix;(t)
If x(t) satisfies (*)

Try a solution
x(t) = Ae'at
In equation, which gives
(ix)%Ae'® + yiaAe'® + wZde'* =0
[—a? +iay + wi]de' =0
So
a’?—iay—w3 =0
For a good solution

—b + Vb2 — 4ac]
2a

[ax2+bx+c:>x:

. 2 . 2
y y
(«=3) ~(3) —wi=0

2 4
iy Y2
— L =4 2 _ 1
“73 —4/“’0 4
a=i—y+ wz—ﬁ=z+6
20 ° 4 2—
2
14
2__>0
wj 7=

, _yt .
x(t) = Ae'®t = fe” 2 *®@
Real solution

_rt
e  2[a,sinwt + a, cos wt] = x(t)

5t + gy
Acos(wt +¢)e \2
:
(L)(Z) — Z <0

i 2
a=7yii /Vz—w():iai

eiat = =+t gy p—a-t
Particular solution
For
F(t) = F, cos(wt) = Re|Fye'®t

Try x(t) = Ae'®t
Substitute in
—w?Ae”t + jwyde't + wiAe'wt = Fyel®t
= Al-w? + iwy + w3] = F,
To satisfy this, A must be complex!
Note
—w? +iwy + wi =re® =rcos@ +isinfr

S22 (0 - @)+ () =7 = [(0F — 02 + ()’
wy

tan@ =
— w2

2
20
So

A= Aye'd
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Ay =—
o7 »
0=—w
Fy
Ap(w) = 1
[(w? — w§)? + (yw)?]2
wy
tand = > 5
w? K wg §~0
LET
X = w/wy
W = XWy
Fy
A(x) = I
2 1z
w? [(x2 —-1)2 + )/sz
0
Define
_ Wo
=7 )
0
A(x) = I

w? [(x2 -1)2+ g—z]i

Q dimensionless !

E E
Ax=1) = 0 o= on
(12 0
i [q7]

Suppose we have a general periodic F(t)
e.g. square wave
e.g.
For . 1. 1.
F(t) = - [smwt + §sm 3wt + gsm Swt + -
= x(t)

1
= A;(w) cos(wt + 6;) + §A1 (Bw) cos(3wt + 63)

1
+ §A1 (5w) cos(5wt + 65) ...

Forced oscillation
F = Fy cos(wt) x(t): A cos(wt + &) + transients

1
A(x,Q) = T
S
|62 -2+ 5
x=w/w,
_ %o
oy

F(t)=Square waves

1 1
F(t) = F, (sin wt + §sin 3wt + gsin 5a)t)

1 1
F(t) = Fy[A(w, Q) sinwt + §A(3w, Q) sin 3wt + EA(Sw, Q) sin 5wt

Response is NOT a square wave

For small x, amplitude of response has a resonance when w = w,
But also if 3w = w,, we have a large resonance due to A(3w, Q) = Q
w, get resonances: w = wo,%,%

In general, get resonances w = %, n=1223,..

With relative co-efficient by,
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At small x
1
A(x,Q) = c~ 1
x212
[(xz - 1)2 + ?

So response just resembles fourier series and response has same shape
as force
A(x,Q) > lasx -1

Application: Kallza-clein theories
Recall

Particle in spacetime
i(Et —px
Px0) = exp [%]

. ) A
1) =eigenstate Oflha = Py

0
ih—1y =P,
—ih—y =E
L &1/) Y
Relativistically,
E2 _ |p|2C2 — m2C4
plljp = m2ct

pup* = <’P(2) - Z p?)

i=xy,z
E

Po = —
c
Consider spacetime to be 5-dimensional
Idea Kallza-Klein
=1 time +4 spaces
-Extra dimension was condact
0 <x5 <2mR
(R small)
Small dimension, circular

Mx C

Kaluza-Klein

M

From "a distance", space-time looks 4-dimensional
Consider a 5-D quantum particle

i
E(Et — X — Psis)

Y = (x,t,x5) = eR(EREPE)
ﬁxLP(Q_CJ t, xS) = ﬁxqj

)
ltd_xslp = psyP
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Since
0 < Xs < 2R

[oe]

Patx)= Y et

n=-—oo
Comparing to particle
Ps n
h R
Or
pbs = R n

=momentum in 5th d is quantized
=> in kallza klein electric charge recognised as 5th momentum

hgo
Momentum in 5th dimension is quantized in units of%
L s § 0 ihxs

= pse R = th_xSe R
Gravity in 5-D

Gravity in 4-D +electromagnetism [—Q = Rs] = —%n
Note

YPyPN = m?

n=1,2,3,4,5
E? — p2c? — p2c? = mic?
p=3 momentum
E? — |p|?c? = m?c* + p2c? = m2c* + h?n?c?/R?
=a 5-d particle looks like an infinite power of states in 4-D

Note
h=6.6x10"22MeVs
c=3%x10%m/s

If
r=10"10
hc 6.6 X 107%2MeVs x 3 x 108m/ s 196 3
i 10-10 =196 X 107°MeV

ForR =10"m
hc
F =1.96 X 102MeV

= R<nuclear size
LHC experiment will search for masses up to ~TeV probably down to
107 ¥m
Kaluza-klein= very nice/beautiful idea, but no evidence observed in nature
Can "all" forces be viewed as gravity in higher dimensions??
Needs D=11 to work!
[11-D supergravity was very popular in 1980's]
K-K is an alternate way to acquire mass
Ifmd =0THEN m? >0 forn > 0
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Aside: New problem

20 February 2012
12:26

Phonons on a lattice

n=g
n=a3
n=N1/3
- Pointsx = Na,N = —o, ...,a
- Displacement defined f(x) = Na
- Consider a wave
f(x) = Asin(kx — wt)
NoteR = R’
Asin(kx — nt) = Asin(k'x — wt)’
Atx = Na
k'a=ka + 2nn
3N
kK=k+—
a

- Ronly defined —g <k< g
- Known as brillouin zone
- w(k) =dispersion relation

Compare

k-k Phonons

0<x<R x=Na
An 0,21

- et
R . a
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Harmonic analysis (not exactly fourier)

20 February 2012
12:44

Example: tide
The physics of tides is quite complicated

Perihelon

Aphelion

Apogee

Earth Orbit

- Forces produce bul

ges in water =twice per da

Tidal Bulge

Neap Tide

- Itis important that the system is moving. This would not work if the system is static
Look at this from the viewpoint of the water
- Upward force which is periodic
- F(t) = F, cos(w t) + F, cos(w,t)
Model tides by
mi + bx + kx = F(t)

Not a periodic problem unless
w, n

w, m
Force is not periodic
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F(t) = F; cos(wt) + F, cos(w,t + €,)
We expect a response
x(t) = A cos(w4t + 6;) + A, cos(w,t + 5,)
Ay, Ay, 64,6,
Tidal constants
Are extracted from data
w1 & w,

w =

~| S

For sun, T=0.5 days=12 hours
For moon, force has T=12.42 hrs
Wiy = 0.523hr™1
Wioon = 0.5059hr 1
Mgy, = 1.98 x 103%kg
M, 00n = 7.3 X 1022kg

~~

GM,M,
Force of earth by sun R2 M Ry \2 1 2.5 x 107
y ___'s =—S><<—M> =25x107 x =
Force of earth by moon GM My, M,, \R, 4002 1.6x 108

R%
= 1.5 x 102
Tidal forces
How much a fore varies across an object
Tidal force=(F; — F,)

~~

tidal force of earth by sun (MS ) (Rm)3 150 1

tidal force of earth by moon ~ \M,,,/ \ R 400 2.6
Strongest tidal force due to moon (by a small factor)
What does this look like?
Special case: A; = 4,
x(t) = Ay[cos(w,t + 8;) + cos(w,t + 6,)]
cosA + cosB

24, cos <(A al B)) cos (A _ B)

2 2

N (G e

Suppose wq + Wy > w1 + w,
For us, w; = 0.5059, w, = 0.523
BUT A; # A, (A4; > A,)

hdy + A,

(=]

a, A
i l‘ﬂ FF il Jll!‘. |

w1 — W
% = 0.008853hr "1

2
=T =—=7097 hours = 29.57 days

"e};velope" occurs every 29.57 days
Small oscillations occur twice daily
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Other effects
Elliptical orbits
F(t) = Fycos(w;t) [1 + a cos(wst)]]

T53=365.25 days=4383hrs

W; = 0.00143hrs™?!
a small

Effect of w3 oscillation is
F(t) = Fycos(w;t) + Fya cos((ou1 + wg)t) + Fya cos((a)1 - wg)t)
= response also has extra harmonic components
X() oxtra = A3 cos((w1 —w3)t + 63) + A, cos((w1 + w3)t + 6)
= take these & other effects into account by adding more constants into response
= tides can be predicted to <1%
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Fourier Transform

27 February 2012
12:11

Use Fourier techniques for non-periodic functions
Start with complex Fourier series

f&) = i Cre™

n=-—oo

1 (™ )
N L
2m )_;

Minus sign important
For period 2rL

F= Y Gt

n=-—oco
L

in
= — I*d

WewantL — o

Use

~/m

(3)= Cn

f@= Y f(3)er*
FG) =gz rwet
Define

F() = e (7)
A 1 1.
FQ=m1 @)

n

Fo=—m=7 > F(3)er

.M 1 (™ _inx
f(z) = _an(x)e L

- Recognise (*) as discretization of integral

So
B ~ .
[ F@er
A
Discretised is
SF (nax)e P
With
Ax = 1
=1

SoasL —» o
== Frem
F@ == foe
@
= 1
=7
@

2 is presented as a definition
1is aresult

Function f(p) is the fourier transform of f (x)

(x)e—ipx
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OBION
Means f (p) is the Fourier transform of f(x)
Properties

L Iff(x) » f()lgx) » §)
Then

af (x) + Bg(x) = af (p) + Bg(p)

2. If f(x) = f(p)
Then

F @) e @) = f=p)
F) = v% [ dx (e

_LU“’ ( )>
RAURA:
- fep
3. Iff(x) » f(p)
Then

flx—a)m e 4 (p)
Let f(x) = f(x —a)

3(p) = ifmdx fx — ayeiv¥
90 =),

Lety=x—-a)x=y+a
dy = dx
X = too,y = too

= — [ ayroeiense
Vzn )
- o \/%f_mdy f@e™™ = e f (p)
4 1E£ () o F(p)
1 .m
f@) e ()
Proof
Let g(x) = f(ax)

1 (® .
G(p) =—| dxf(ax)e™P*
Lety = ax,dy = adx

370 =——[ Zroye
R4 R
Ifa>0mx =400,y =+
_11 ~i(E)y
—amf_md”(”"’
1
—aﬁ(g)
-2 F().a>0

i =-~f().a<0
So
1@ =7 (2)
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Example
flx) = e’
Gaussian
Width = 1/Va
Point a where f(x) = e™?!
Small a, wide spread
Large a, narrow

- 1 *© .
f(p) = \/?f dx e~9x" gipx
TJ-co

Step 1 Need
@ - 1
Ia=J dxe‘“xz[ 0=—Ia]
(a) » f(0) Nor (a)
Find it by considering

h=| dy| et

— 2d integrals
Note: e~ @(¥*+¥?) = g-ax®g-ay®

I, =f dx e“”‘zf dy e=®* = [2(q)
Recap
fx) =e"

f(P) = Lfoodx e_ipr(x) = ijdx e~ ipX g—ax?
Vor)-e Nz

2

Aside:
I(a) =f dx e~ax*

I, :f dxf dy e #(¥*+¥%) = [2(¢q)
Changing to (7, @) coordinates, x? + y? = r?
2n
f dxf dy—>f drf do
2m 5
Iz—f drj dore=o"* —27'[_[ drre %"
0

Let U= ar?
r=0=>u=0
r=0>=1U =0
du = 2ardr

2 [
—nozae
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28 February 2012

14:11
Now
fp) = L J dx e~ g=ipx
V2T )
We "complete the square" of —a? — ipx
. 2 . 2
__ r f) ( ﬁ) _P
a(x+2a) +a<2a x+2a 4a
D 2
o) = —e i f dx e~ (+20)
Lety =x+ ﬂ
dy = dx
X =F00=>y=4
! 22 f dye~®* \/— T4a ZZ
= ——e 4a e e 4a = _e a
V2w - Y V V2a
Fourier transform of Gausian, width = \/_E' is a Gausian with width 2+/a
Example
(1 |x|<a
fe) = {O otherwise
o)== axe
\/_
—lpx
dx e™PX = [ ]
wLe
_ 1 1 [e_lpa 3 elpa] _ 1 2sin pa _ 2a sin(pa) _ 2a
V2 —ip V2 P V2m  pa \V2m
sinx
at x = 01is?
We can use L'Hopitals theorem
fx) x| f'(x)
lim
g(x) x-0 g'(x)
In this case
cosx
lim =1
x-0 1
Both f(0) and g(0)=0
Example

lx—d|<a f(x)=1
f) ={lx+dl<a f(x)=1
0 otherwise
Note

f) =folx—d) + fo(x +d)

fo was example previously looked at

So
f0) = fo(@)e™®? + fo(p)eP?
= fo(p) X 2 cos(pd)

4 sinpa
=|— cospd
a

VT
Ford >» a f(p)

Any function can be approximated by step functions
Application
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=Fraunhofer diffraction
Diffraction Fraunhoffer = light & screen are effectively at co

Fresnel = they are not

Consider diffraction through a slit (specialisation of 2-d problem)
To calculate light at Ym we imagine every point a is a source of light & then we combine

resultant

Assumption of infinite tand = =

source distance gives ) V|
plane wave at slit so tan@ = sinf = @ = =—
that all amplitude D
elements ara in phase.

al 5= 9__
= A D
e
5 For D>>a
this approaches Condition for minimum
:,:(Ijg:;.angée asinf = mA
- mAD

JI
e

Light is a wave that oscillates
~ sin(wt — kx)

21
cos (a)t — TXt)

2n
= Re[e_(wt_Txt)]
Distance of travel x; =r—d =r — x6
So adding waves

a ( t_z_rr ) i2mx0
j dx e\“ T2
—-a
i2mx6

a
= ei(wt_zTne) XJ dxe 2
-a

f(x)=source
A(B)=image on screen

A(B) = f_ dx f(x)e“'z’f%‘
- ()

f(x) = transmission =

e.g. f(x)= square wave from -a to a
We get a pattern
- 0
21T —
! ( " /1)
sin(ka)
k
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,a-._‘. | ! "\x
N A / I'. .f’r P
- \\ ./_,-"l -IllllI lIII 'III III.l' -\\ . ,’ \-\. »
V“'I "u"l
A
Hfirst minimum — Z
Intensity of light
I o |A|?
III IIII
|I I
[ {1
[ 11
[ 11
[ {1
f [
f [
[ | |
[ [
[ [
[ [
f [
| |
f \
|I II
. -~ ,-'I '._ Fa

Q: how large is secondary maximum?
A. Find by taking derivative
sin x]'
x
cos x

+sinx——2=0
X

cosx sinx

x  xZ
=>x =tanx
Solve numerically

2nd maximum has height, (intensity)=0.047

Double slit= single slit + single slit with phase shift

Solution
(eikd + e—ikd) x
_ 2coskd X sinka
B k

sinka

k= 2n—
"2

Q: how large is secondary maximum
fScreen Image - flntensity pattern

fScreen Image < flntensity pattern
Can get from one to the other
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Multi Dimensional Fourier Transform

12 March 2012
10:39

flp1,p2) = dx | dy !X PY)f(x, y)
arlel.

Application - diffraction
46, 4) = ~<27‘[9 27T¢)
) ¢) - f /1 ) /1
Example

0
flx,y) = {1 if  |xl< a}
And |y|<b

sinp;a sinp,b
%
P1 P2

sin (% a) sin (@ b)

2ma 2mh

1 e

Fo1,p2) = fa1) * fo(p2) =
So

A6, 9)~

Properties of Fourier Transform
Suppose

F0) = F )
f 0 i )

af(x)
F"”Pf(l’)

Proof
Let g(x) = xf (x)

~()_L—[ dx e~ P*
9y =75=| dxe xf (x)

e

[

\/_f dxl—e X £(x)
=i@f(P)
Next
af . .
(E—pr(’p))
Proof
== dperi)
fx =) e f(p
_L Ood i ipx £
‘mf_w p=—[ePf ()
So
= — [ apip i)
—m . pip p
So
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d 3
i > ipf(p)

dx
E.g.

%2 p2

e 2 e 2
x2d _p? _r

xe 2 —»—e 2 = —ipe 2

dp p

_x?

x%e 2

x2 pZ pZ
=xx*xxe 2 o idp [—ipe_T] =(-p?>+1e 2
2 2

X
xNe™Z o Hy(ple 2
Hy (p)= hermite polynomials
Validity of Fourier transform
f (p) is a well defined function if

foodxlf(x)l2 < o
™
Note
f(x) > 0asx >+
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Dirac §- function

13 March 2012
14:03

{Dirac Delta}

We want to use Fourier transform when (*) (last page) doesn't hold
Not a function
&(x) is a measure (or distribution)
A measure has well defined integrals
If uisameasure
[ dx u(x)f(x) = well defined
6 (x) Basic defining property

| axsere =
6(x) is a limit of normal functions

1
e.g.SZ{E —a<x<a}

0 otherwise
6,(x) »6(x)asa—- 0

NB
6(x)={oo x=0 }

0 otherwise
Poorly defined

Consider

o = f " dx 8, (O ()

Look at integral

1
lo = 2a % f(§)

f@,—a<{<a
Asa=0,f() - f(0)
ie.
(lli_r)r(l) 6,(x) » 6(x)
Note
n —ax
5,(x) = \Ee ¢
a-0
8q(x) = 8(x)
Note
5 == [ dxe 5o
p) = \/21_7T > xe X
 Van
Note

50 = [ dp s
SRR o

1 r® .
— ipx
6(x) oy f_ ooe dp

5(x - a): f dx FOf (x — @) = f(a)

6(x —a) »?
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ijdx e~ X5 (x —a) = 2
V2m ) - V2rm
f)6(x) = f(0)6(x)

As a distribution
Proof

f dx (f(x)8(x))g(x) = f dx f(x)g(x)6(x) = £(0)g(0)

| ax @069 = @900)

A
Also

o6(ax) = i(?(Jc)
|al

Proof

f dxf (x)d(ax)
Letx' = ax
adx = dx’
dx =—dx
a

IF
a>0x=10=x"=+4

1> (x N1
—2 ] axr(%)oen = 2ro
Suppose f(x) is periodic f(x + 2m) = f(x)

FE)= ) cpe™

n=-—oo

1 *® ; )
Fo) == dxerre,etn
TJ-—x

o)
[oe]

Cn .
= — dx e~iP-m)x
nz V2 Jow

= Z cpV2mad(p —n)
n=-—oo

Recap
f dx 50 () = £(0)

- 1 *® . 1
(o =—f dx e P* §(x) = —
(0) V2T ) 2 Vam

1 *® L 1 *® )
é‘x:—f dp e'P* § :—f dp e'P*
(x) I (») ol
Example

What does
ds(x)
dx
Mean?
Now

o d ® d
f dxf(X)ES(X) = [f(x)0(0)]% —f af(x)S(X)dx
= f'(0)

Use of § function
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Result

j FGOP? dx = j 7o) [2dp
RHS

= f_ dp f(p)f (p)*

flp) = dx e P*f(x)

-
iy
f*(p)=\/%f_w

Important to label dummy variables separately
1 oo (o8] (o8] . ,
B Ef dp f d"f dx' P (0 f ()
1 o e 7 ® oy
= Ef dxf dx’f(x)f*(x’)f dp eip(x'—x)

f dp eip(*¥'=x) = 26 (x’ — x)

dx' e f*(x")

= foo foodxdx’f(x)f*(x')5(x' —x)
= foo dxf(x)foodx'f*(x')5(x' — )
J dx'f*(x)6(x" —x) = f*(x)

_ foodx FOOF*(x) = LHS
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Application: QM
13 March 2012
14:19

1S) = zn: Ci |i)
i=1
Ps = Zci¢i

i=1
; =eigenstates of an operator

= [ @x i = i1 9)
Application: Quantum mechanics
iC; = (if)liy =6y
J Vi = 6y

We can extend to case when we have an infinite, countable set of states

Is) = Cili)
i=1
Suppose we move to continuous infinity
|S)=f dx C, | x)

Important case: expand in terms of eigenstates of X
| S) = [dxC(x)|x)

Cx = C(x)
X1lx)y=x]|x)
=y(x)

We can also expand | s) in terms of eigenstates of momentum
15)= [ dpp(®) I p)
plp)=plp)

X, p are operators

2P(x) = xp(x)

PO = ih ()

Momentum eigenstate is
. X
PY(x)=e Pr
A~ . 4 —ipE _ ip —i;oE
Y(x) = lha e "h= lh—ge R
= Py(x)
=Eigenstate of p
Note Y (x) is NOT normalizable!
A. Putuniversein a box
-M<x<M
Y (x) is normalizable
M
[ i <o
-M
We can calculate "everything" at finite M, & set M to infinity at last line
B. Use wave packets as a fundamental state
P (x) is a Gaussian at x, with width Ax
And we have ¥/(p) a Gaussian of width AP
C. Use § —functions
Accept Y (x) being a measure rather than function

fabltp(x) |2= probability of finding particle between a and b
| (x)|?Ax = probability of finding particle between x & Ax
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Since y(x) inside [ perhaps a measure is OK

n

Ps = Z cipi

i=1
1; =eigenstates of an operator

=jd3x¢z‘w = (i 1 )

For a free particle, particle can be in state x
Xlx)=x|x)

Y(x) =¢;

Eigenstates of momentum
_ipx
e h = lpp (x)
o)
ih - 9,00 = P, (0

Let,, (x)& ¥, (x) be wavefunctions which are eigenstates of momentum

Recap for
Y= cathn
[ ¥t = um
[ ax w3, o, @

Lplx Lpzx
f dxe

i(p1—p2)x
—f dxe R

P1 ;Pz)

=27'[><8(
=21 X h X §(p; — p2)

x-representation | p-representation

) W)
k\w:xd) ﬁlp,=p1/)'
T

i i |
Y, = e_ipTx Eigenstates of x?

Eigenfunction of i(ggp .

Eigenvectors of x % 2R

h
.— E6(p0 -p)

Y(x)&Y'(p) are related by being fourier transform of each other (h = 1)

Y'(p) =P(p)
Recall that

A
XY o ~—P

ép
5y _
o TP

For
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ipoXx
lpp =e h
What is 1 (p)
by = [ R
=— eh’e
P V2 J_»
1 [(* io-p),

= — e *h

V21 J o

Similarly eigenstate of x (with value x;) is

h
—=0(x —x0) = (x)

Vam
Example
_ (cos(kyx) x| <L
f&) { 0 otherwise}
"wave train"

- 1 *® .
=— dx e P*f(x
Fo) == | ) )
1 L )
=——| dxe "P*cos(kyx
= L (ko)
Trick use
— 1 ikox —ikox
cos(kox) = > (e +e )
1 L . .
e_l(p+k0)x + e_l(p_ko)x dx
ZVZT[ -I;L( )
1 [e—i(p‘l'ko)x L [e—i(p—ko)x L
= - +|—
22w (|—i(p + ko)|_,  [—ilp —ko)]_,
1 e—i(P“'ko)L _ e—i(P“'ko)(—L) e—i(P—ko)L _ e—i(P—ko)(—L)
= - + -
2\/271{ —i(p + ko) —i(p — ko) }
Use S _zze =sina
sin((p + ko)L) sin((p — ko)L)
+
p+ ko P — ko

—ia

1
V2

L
= —— X |sinc(p + ko)L + sinc(p — k)L
NoT [sinc(p + ko) (p — ko)L]

Function crosses axis at
(p—kolL=m
p—ko=

Sk

P=ko+z

As L shortens pulse/fourier transform widens
Note peak atp = —ky&p =k,
Because

1, . )
cos(kox) = 5 (etko¥ = g~tko¥)

Peaks have width %

Peaks with long width, L - 0
Peaks with short widths L — large
Convolutions
Take 2 functions f(x), g(x)
Convolution

h(x) = (f » g)x
hG) = | dx'fGgle =)
Applications
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=>signal

screen f(x) 1g(x)
Properties
frg=gx*x
Proof
LS = £+ g0 = [ dx' a9 — )
Let
y=x—x'
dy = —dx'
x' =400 =y =i
xX'=x—-y

fegQ)= j —dy f(x - y)g(y)

= [ W90 a-» =g+ 5
Feo00=f )
(f * 5)(x) = f dx'f(x)8(x — x') = f(x)

Proof

If
h(x) =fxg
And )
frf
9=4g _
h = h =2nf(p)§(p)
Proof

( )——wad ~ipxp(x)

p = 27-[ . X e X

- _\/1—f . ox g e — e
2T —o0 —o00 g

Reorder integrators
1 *© *© ;
— dx'g(x' f dxf(x —x")e™'P*
= avgt) [ dxfee-x)
Lety=x—x'"=2dy=dx,x=y+x'
x =140 =>y=40

1 *© *© )
= — ! ! i ( +x’)
\/Ef_g, dx'gx )f_oody fOEy)e i
= —\/;—nf_oo dx'g(x")e™ %' f_oody f)e Y =2nf(p)

f°° dx'g(x"e ¥ =\2mg(p)
So -
h(p) = V2rf()d(p)

Strategy to disentangle a convolution (knowing f or g)

frg o f@) = g(—p‘g ) o f)
Result
If

fef®.g- ik
h(x) = f()g(x),h=h=fxg
Suppose

h(p) = f(p) * G(p)
Then

If
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h(x) = dp e'"*h(p)

1 f°°
V2 J -
1 (® . *© -
- d elpr d ! AY-1 Y
\/ELOP _mpf(p)g(p )
Changing order of integrator, and define g = p — p’

1 * - ® .
- ’ ’ ~ i(p'+q)x
mf_mdp f(p )f_mdqg(q)e

1 [ Y .
_— d ! Ielpxj d ~ equ
mj_w p'f(") B q4(q)

f dp'f(p")e™®'* = f(x)
f dq §(@e* = g(x)
So

1
h(x) = Ef(?f)g(x)

h(p) = V2rf(p) * §(p)

So
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Complex analysis

20 March 2012
14:25

"complex valued complex functions” '
Real valued function of real variable fR->R

Complex valued functions of real variables | fR — C
fO) = fi(x) +if2(x)
Useful
in waves (As a trick)
In QM 1 (x) |
Complex valued functions of complex fC-C
variables

Ifz=x+1iy
fOx) = filx,y) + if2(x,y)

At present it is a useful trick/technique
Can help to understand real functions

eg f(x) = —

1+x2
Consider taylor expansion

(Lz 1+x+x2+x3>

1—x

f)=1—x?+x*—x%+
Converges |x| < 1
Diverges |x| = 1

f(x) looks like
Lo,
! M,
; i \
/ 0B
;'f: o6 ! K"‘-x
j__,-"‘ | x-\.x‘l‘
i N
//z 041 AN
E . . ]
f(x) has no bad behaviour at x=1
Consider
fC->C
fO=1
f(2) has a singularityat 1 + z2 = 0,0rz%? = -1,z = +i
Ifz =iy
[0 =175

We can understand the behaviour of f(x) better by studying f(z)
Hot topic in particle physics
Studying fif k4, k, can be complex is a remarkably useful technique

Allows us to do really really hard integrals
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Complex numbers

26 March 2012
12:06

Complex number
Z=x+iy,—0<x,y<o
=retf?,0<r<ow0<f<2n(-w<0<m)
Z*=x—iy=re 0
ZZ*=1Z12=r2 =x2 +y?
1z A 1 .
7°77 iz
Z1Zy = (xq +iy1)\xy + iy5) = (X1X5 — V1Y2) + ily1x, + Yoxq) = 1ine
1Z1Z,1 = 1Z411Z,

i(6;+6,)

ForZ =x+1iy
Z+Z"

x = ReallZ) =

*

2i

y = Imagenary(x) =

Regions on the complex plane
AZ:1Z — Zy| < at
a=real number
Functions
f(z) is a complex function
f:€c->C
Limits
lim f(z) = wy
zZ-2Zg
Means as z gets closer to x, from any direction, f(z) gets close to w,
Ve, da stif(z) —wgl < eforz €iz:1z — zyl < at
Differentiation
Consider
. flz)—=fuzy)
lim ———
z-2Zg zZ—2Z
If this exists then f(z) is differentiable/Holomorphic/analytic
At z, we denote the limit by f'(z,)
e.g. any polynomial is holomorphic f(z) = ay + a,z — - a,z
Take something that is not holomorphic
e.g. f(z)=Re(z)

n

= Consider
flz) = f10)
z—0

Consider the limit along real axis, z=x
flz)—fl0) _x—0

z—0 Tx-0
Consider the limit along imaginary axis z=iy
flz)—f0) 0
z—0 - iy -
= two different limits imply function is not holomorphic
Also,
z — Relz)
Im(z) = ———— = —iz + iRelz)

Also, Z* is not holomorphic
1
(Re(z) = E(z + Z*))

112 = zz* is not holomorphic
EG.Z" = flz)
n n
fz) —flzy) _Z2 1z =(z ZO)(z”‘l+z”‘zzo+-~-+z{;‘1)
zZ—2z, zZ—2z, zZ—2z,
=z" 14+ 2" 2z + -+ 27 g,
So limit
=nzi !
e.g. complex function
e? = exeiy
' d

z' _ oz E:f)

e
e.g.

()—1

flz)=—

=holomorphic except at z=0

fl=-=

= singular at z=0

="pole" at z=0
Rational function

fa) Yot anz®  ag+aiz+ -+ apz™)
zZ) = =

2ol byz®  bg +biz + e+ bpz™)
Singularities occur when

D byz" =0

Or
by (z =z Nz — 2,z — 73) ... (2 — z;.)
egz?+1=(z+ilz—1i)

NB. Real polynomial
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m n
Plx) = | |kx—xl-)x0>< | |(x2+bx+c)
i=1 j=1
IF z; appears once, it is a "simple pole”

eg.
1

(z—1)z—-2)(z—-3)
Simple poles at z = 1,2,3

flz) =

1
(z+1)2z—-1)
Simple pole at z=1
But pole of degree 2 at z=-1

e.g. Log(z)
Define this by
elogz — 5

Letz=re? =x +iy
loglz) =f +ig
ofHG — ypif

Pr
ef =r
eig - eiB
f =loglzl
g = arg(z)

Log (z) = loglzl + iarg(z)
Look at log(z) on C

1. Approach from above
logz=1i6 -0
2. Approach from below
logz =i - 2mi
Log(z) is not continuous at z=1!

Not continuous at any point on real +ve axis
Log(z) is not good on real axis
We could choose -t < 0’ <1

log’ z = loglizl) + i6’

Cut on -ve real axis

Functions with cuts are tricky
eg flz) =vz
z=re®,0<6<2m
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0
= flz) =Vre'2
Has a cut on real axis
We can change position of cut, BUT not its existence

e.g.
] eiz _ p-iz
sz = . 2 .
elZz 4 o7iz
Ccosz —ﬁ

Give holomorphic functions everywhere
Cauchy's theorem

f(z) is holomorphicon D & zy € D
Then f(z) can be expanded

flz)= ) Cylz—zp)"
n=0
The series converges f(z) for any |z — z41 < a, where a is largest disc fitting into D

=Taylor series converges for z in disc
eg

z)=——
flz 1+ 22

Holomorphic except at z = +i
Forzy = 0,a = 1 & radius of convergence =1
For

zo=1,fz) =Ycplz—1)"a=V2

7 . .
.~ Note: z=x is a special case
"

A curve, y, is a continuous mapping from [a,b] to C,z = y(t),t € la, bl
y(t) is the parameterisation, y&y' are same if set of points iy(t)t = iy'(t)t
eg.
yilt) =1+it, t €10,11
y,tt) =1 +it?t €10,11
= these are two parameterisations of the same curve
e.g ylt) = 2et,t €10,2m!
Contour integrals
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, flz)dz = depends uponz & y
b4

b
| flzidz = | dtf(z(yte)))y' @)
Y a

eg.
flz) = l1+22),iy(t) =1+itt€el0,1lt

1
| flzidz = | (1+ 1 +it)?).ide
y 0

1
=i dt[1+1+2it—1t?]
0

__2_2it2 t31_,2 L .5,
=ilze= -3 =tl2ri-gl=-1ez
=,f(z)dz

Y

Is parameterization invariant
eg flz) =1+ z%yt) =1+it%,t €101t
1

| @+ +it2)2 2t dt
0

1
2i | t1+1+2it2 -t
0

i |2t2 N 2itt 5
e T
0
=2i—-1 L 1+ >
=2i 31 = 31
e.g. )

ylt) =Ret,0<t<2m

=circle of radius R

="anticlockwise" means +ve direction in

flz) = z"n = 0 integer

2m ) ) o eitn+1)t 27
| flzidz = | de(Rei)iReit = iR™1 | el ede = (R |————

o o ln+ Dl

iRn+1
=———I1-11=0
iln+1)
1

flz) = Z—",n #1

2\pi e-int

| flzidz=| e (
y 0

)iReif =0

()—1
flz) =~
1
Reit

1 2
| flzidz= | at (iRe®)=1i| dt2mi
14 0 0
| flzidz = 2mi 8,4
Y
Function gives nothing unless n=-1
Cauchy's integral theorem
f(z) holomorphic on D
y is in D closed simple contour

’ flz)dz=0
Y
- Proof (Not a proof, but reason)
A small circular region
’ flz)dz=0
Y
flz) = z™,n = any + ve integer

Trivial extension to a polynomial
For a general holomorphic function
)

flz)= ) culz—zp

n=0
In a small region
N
falz) = ) Cplz —zp)"
n=0
satisfies

’ fylz)dz =0
Y
- Note: y has a direction. Contour reversed is —y

,f(z)dz=— , flzidz
14 -v
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s~
’f(z)dz= ' flz)dz + ’ flz)dz
14 Y1 Y1

’f(z)dz: )’ flz)dz

14 CEUs "1

Since cauchy's works for y;, it works for y- contour can be split into several small contours \\

Cauchy's residue theorem
y closed, simple, anticlockwise [+ve direction]

,f(z)dz=2m'>< ) Res\f,z;)
4 z; insidey
Res\f,z;) = residue of f at z;
Res(f,z;) = Zlmz1 (z —z;)f(z)
e

Res\f,z;) ="size" of singularity
Example

(z) =—5—
frz a? +z2
A +ve real number
f(z) holomorphic except a? + z% = 0
2_ _ 2
z2=-a
z = +ia?
Res(f,ia) = ZILIEII(Z — La)ZZ+—a2
1

lim(z —ia) - — = lim -
z-ila (z—iallz+ia) z-ialz+ia)
1

Res(f,—ia) = lim (z + ia) —
z-ia Z

+ a?
1
lim(z + ia) - — = lim -
z-ia (z—ia)\z+ia) z-ialz—ia)
, flz)dz = 2mi Res(f,ia)
Y1 .
- i 7
Mi*——=—
2a a

, flz)dz = 2milRes\f,ia) + Res(f,—ia)l = 0
Y2

,ysf(szz: 0
f ™ T
{ )
\;/ g/

X =2Zi=12123
Consider y' = new contour

’ flz)dz=0

Proof

4
v'=
///, &x\\
i %
_*I L
~. }
I A
\ 3 /
. i
"
Near z;
Res\f,z;)
flz) 8 ——— asz - z;
zZ—2z;

small
& we know that

| L 4z« 2mi
— QAZ * LTl
ydz
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for y a positive circle of radium R
0= ' flz)dz = , flz)dz — 2miy,Res\f, z;)
14 b4
, flz)dz = 2mi >‘Res(f,zi)
4 i
Note: we can distort contours /

'

I i
| flzidz= | flzidz X
Y1 Y2

o

If f(z) is holomorphic on shaded region
Yi=2v2 =

And | _ flz)dz=0
Y1=V2
Example:

Consider

We must choose f(z) &y

Choose
(z) =—55——
fiz a? + z?
Y2
ia
-~ Y1
R Y
—ia
Y=Y1tV2
Note
| flz)dz
Y1
_,z=x, “R<x<R
Y1_{y':1
B ,R dx _
Tl paz+xz R

-we want the limitas R — o

’f(z)dz = 2mi )lRes(f,Zl) = 2mi Res\f,z=1i,a),R >a
y .

i

omi i 7
= *—— = —
i 3 2
So
m
g+ | flzydz ==
Y2 a
Note: IF

,f(z)dz—»OasR—»oo

Y2

Then
In > 'wd !
- —-= R
R7a ™ 1 Y ta?

Theorem
If

Iftiz)iI<Mony
|| fizrdz| < mx1
Y
L = lengthy
b

L= ’ dtly’(t)l = normal definition of length
a
This is just
la; +a, + azl < lagl + la,l + lasl
Theorem

y,=2z=Re®,0<0<nm

Y2
R R

Ony,lzl =R
Onvy,
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(z) =———
f a? + z2
1f(z)l ! < ! 1
z)l = =
f la% + z21 = 1z12 — lal2  R?% —qa?

| ’yszz)dz| < Rzn—_Raz

R -
this - 0
So

. T
lim Ip = —
R0 a

PH-227 Page 39



29 March 2012
12:11

This technique works
f “p"x)

o PTM(X)
Provided n—, > 2

dx

) 71 :
Note j 7 00) ~ m converges onlyifn —m > 1

Adx
[Note f — = [Inx]¥ =InA > oasAd - o
1

2) p™(z) = 0 only for z not purely real
=in this case

®1
f —dx
o X

Is also not well defined
Example

What is fourier transform of
1

— 9
x2 + g2 .
e~ipx

- 1 (°
=— | dx——
o)== argoo
Choose
e—ipz
9D =i
fg(z)dz = 2mi Z Res(f, z;)
14 ziiny
g(z) has poles at z = tia
Res(f,ia) = lim z;
zZ-la

e—ipz
zh—g}l(z ia) (z—ia)(z +ia)
e—ip.ia i
= = ——gba
2ia 2a ] o
(z +ia)e™tP= e~ g

R ,Z = —1i =1 =
es(f,z ia) ot z—ia)(z + ia) —2ia 2a

Look at
J f(2)dz,z = Re® = Rcosf + iR sin6
Y2

eipz eipR cos 8+Rp sin 6
f(Z):zz+a2: z% + q?
Rp sin 6 eRpsinB
@l = i spoeSpoafr<0
Choose
L
IFp<0,ff(z)dZ Sm—>0a5R—>oo
Y2
So
i T
-[f(z)dzz 2mi X ——ePd = —¢Pa
¥ 2a a
So

F(p) = ——x Zera
=—X—e
P V2n a
If P<O
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P>0
Try y' =y + V3
%_ Y1
1.1*
\,"yZ H
'\\ ra

Y P

o S

e e

- ~

z = Re!@™0) t € (0,7)
ff(z)dz = —2mi Res(f,z = —ia)
Y

— sign since ¥’ is clockwise (negative)
1 T
= —2mi.—e PP =—e7Pa
2a a
Onys,z = Rcos(2m —t) + iR sin(2m — t)
|e—ipz| — ePR sin(2m—t) <1

So
e~pz 1
<
z?2+a?|” R?—a?
So
f(z)dz
Y30
() == ep> 0
f p - mae 'p
f®) L Zeva,p <0
= ——eP4,
p - a p
So
~ T elpla
fp) = 2 X
e.g.6
cos(x)
fe) = x2 + a?
1z + bt ¥4
@ = =A@+ A
elZ
he =
e—iz
PO =
Example
21

dOF (cos8,sinf)
0

e.g.
-[ZTL' dx
o 2+cosA
We want
ff(z)dz =1
4
Choose y
Circular contour of r=1
z=e? 0<0<2n
ON contour
A_(ei9+e‘i9)_1( +1) o 1(
CosA = > —Zz Z,sm =5
Note
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y'(0)do = ie?de
So
dz dfie'? _
f —x ()= S X () =i f do(:)
V4 e

So

A 1( +1>
== -
] R A
iz 1 1
4 sinA=>—<Z__>
2 z

2

= dOF (cos8,sin8)
0
Eg

27 d@
fo 2 +cosf

y circle radius 1
1 1 1

iz 1 1 1, 1
_ 2i
T 4z42z2 41
Ex1
[ 1 =2miy Resrz
14
f(z) has poles

z24+4z4+1=0
(z+2)2—4+1=0
(z+2)* =3
z=-2%3

jf(Z)dZ = 2miRes(f,z= -2+ \/5)
4

Res
ZZJ_iglﬁ(Z 2i
—(-2++3 —at
( )) (Z —(-2+ \/§)) (z —(-2- \/g))
_ 20 _ 2i __L
~ —2+v3-(-2-v3) 23 3
. i 2m
ff(Z)dZ=2m><—ﬁ_\/§
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Complex analysis

23 April 2012
12:01

1. Expnd theorem to case where f(x) has poles beyond simple,

Recall
dz f(z) = 2mi Res(f,Z;)
L ZiiT;le Y
Res(f,Z;) = Zli_{rzl'(z - 2z)f(2)
But l
f(z) =

(z—-1)2(z%+1)

= simple poles z = +i

= butnon simple poleatz =1

f(z) is said to have a pole "of order p" at z if

(z = 29)Pf(x)

Is holomorphicat z = z,&p is lowest such value
Simple pole is a pole of order 1
&

&=
Has a pole of order 2 at z=1
If f(z) has a pole of order P at z = z, then we can perform a "lavrant expansion"

(o8]
a_ a_ a_
f(2) = P+ P +Zan(z—zo)”
n=0

(z—20)?  (z—2zp)P™* Z— 29
Proof
Let
9@ = = 2Pf() = 9(2) = ) cnlz = 20)" = o + 1 (2 = 7) + -
n=0
= f(z) = 9(z) Co 4.

(z — zp)P S (z-— Zp)?
If f(z) has a pole of order p at z, = z, we still use Cauchy's residue theorem but
Res(f,z1) = a_4

Proof
Recall
fdzz”= 0' n#*-—1
Y 2mi n=-1
y = circular contour of radius R
= Follows
E6
@ = - -
&= 2+ - =2z =DGE +D
Let
@) == 1 f() = ——
g =1 1@ ="ve+D
Let
z=14+AA=z-1)
@ = _
I = isn+i+n)

1
[—:1—a+a2+---]
1+a

= *

(1—i)(1+16i) (1+i)(1+1A+l.)
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:(1+1)(1—1)[_1—1H1_1ii]

[1 A[l—l 1iz]+"']

1+D)+@@-10) N O(AZ)]

a-D@+5n
2 1
[1+A2+ 2[1+A+0(A2)]
gx) 1 1

Z-12 2z-12 2z-1

NIHNIHNIH
—
—_
>

f2) =

toSag =5

2 suppose

| reoa
Sl_lppose f(z) has a pole on real axis

e.g.
1

) =G =Ddar+ D

= =
&=+
=Polesoforderlatz=+i,z=1
03 L

02 |

o2 -
Does it make sense to integrate it?

— Q0
kokskkskkskk

Consider

Ipe = fx_ei:::;+f:€f(x)dx

R
& considery +y; + v, + 3

k3kskokk

f f(z)dz
Y1t+Y2tYs3

Receives no contribution from x,
Assume

ff(z)—>0asR—>oo

k3kskokk

dz 92 Reifkde
f f Re T p,io 1(92_91)

e—>0

f dzf(z) - —miRes(f, zy)
V3
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This requires simple poles
kkksksk

-Reason
[ai=
-1y
10 — =
No sensible definition
3
| axr
0

These are much tougher
kskskokk

[o'e] 1 [o'e]
°Uﬂw=fGMﬁfcMﬂm=—JcMﬂ@
0 oo

2

e.g.

I_f‘”( dx )
N o \x3+ad

Not even
Use

y(6)
*kk
Ony;
z=¢elox +tR<x <0
dz = ePdx

f dzf(z) = dx
V3

+wr (e9)3x3+a

Choose theta such that

(ei0)’ =1

f(2)dz = —f dxx3 e e“9°f f(2)dz

+R 0 Y1
Choose

o = 21

°7 3
=

$okkkokokkok kKK

Poleswhen z3 +a® =0
z—a)(z°+za+a®>)=0>z=a

Or
_—atvVa?—4a® _ (—a £ +V3ia)
- 2 B 2

V4

PH-227 Page 45



Example of "cunning contour integration
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2011-May/June exam

30 April 2012
12:04

Al: f(t) for t =t + 2nT
t
Xmaths = ?: Xmaths = Xmaths T 2T

0=+ oo sine)
f - 2 a, Cos TlT n SIn TlT
n=1
dt
dxmaths :F;xmaths :T[,t:T[T
a1 (™t

Z=5-| Tf®

2 2m)_.p

)
)

Sl

(n

b, = — dt f(t) sin (n

T —ntT
A2:letg(x) = f(x —a)
Then

1 T
a, = ﬁj_ﬂdtf(t) cos
1 nT

| e

1 [ .
gp) =—| dxe™*f(x—a
lety=x—a

dy = dx
X =200 =>y=+0

_1 ” —ip(y+a)
,—an dye f)
1 *© . .
= —%f dy e"PYe”"Pf(y)

= e~ ipa L'[oody e PYf(y)
- Vo)
=e "%f(p)

f dx 5COf () = £(0)

Consider

foo dx 6 (ax)f(x)

Let
y = ax,dy = adx
x=t200=>y=+10,aa>0
>y=F0 a<0
1 [ee]
| aveo

a

A4 if f(x) is holomorphic/analytic/or (in this context) differentiateable on a region, except at points
Zi
Then

ff(z)dz = 2mi Z Res(f, z;)

14 Z;inside y
y is a (simple) anticlockwise closed contour in the region
f(z) holomorphic except when

z2+16=0
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7?2 =—-16
7z =

+4i

Res(F,40) = lim (2 — 40 z 41

es(f, 40 = Im G =4 = n v e ~ 8 2
1

. — 7 Z =5
Res(f,=40) = G+ 4D 4y +an ~ 2

2 1 1
ﬂ@={ TAS* <17
0 otherwise
f(x) is an even function

=b,=0
1 T
ap = Eif_ndxf(x)
1
1 sz
21 1x
—1[,4]% _1r,1 A—1]_
T AT o4 al-

1 s
a, = Ef_ﬂf(x) cosnx dx

1 T
=— d
27rj_ﬂf(;\c)cosn;\c x
1
1 (4
=—J A cosnx dx
2m)_1
a
1
_ 1 [Asinnx]Z
T 2m n _%
_1[A_n A.—n]_lA_(n)
=5 nsmA nsmA —nnsm 1

f(x)=x periodicin-t < x <7
Integrate by parts
b b
f f9'= [fg]Z—J f'g
a a
f=x g =sinnx
, cosnx
ff=1 g=-

n

2
= ——cosnm = b,
n

What does the fourier series sum to at the point x=/A?
Series sum to

1
PG + ()
1/1 1
=3(379) =2
1 " —inx
anﬁf_ndxe fx)

Ch,=C_,
B2:
Consider the function
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o= 558

Evaluate the Fourier transform f(p) of the function. Plot a graph of f(p)

y 1 (® . 1 (@ 1
= — dx e P*f(x) = — dx e P2 —
f) == | ) =7 :
1 1 (¢ . 1 1° . 1 1[e-ipx]® 1 1[e"iPa — gira
=— dx e P* = ——— dx e PX = — = _
\/2naf_a \/2naf_a \/Zna[ —ip ]_a \/271(1[ —ip ]
1 1 [eP? —eg~ipa 1 2
= — = —SIin(pa
\V2mpa [ \2mpa (pa)

Consider the function
a- —a<(x—-d)<a
gx) = {a‘l —a<(x+d)< a}
0 otherwise
gx)=flx—d)+ f(x+d)
Look at A2- v similar problem
d®) = f@e™* + f(p)e P = f(p)[e™? + e~

2 cos(pd) f(p) = — cos(pd) Tl
= 2 cos = ——cos
p p 5 p a
The convolution of two functions f(x) and g(x) is defined as
frg = dwfGgle-x)
Show that the fourier transform of f * g(x) is given by

f*g®) =V2rf(p)g(p)

let h=f=xg
fl()_ifood % ()—ipx
P)= o) e gl

= Lfoo dxe'iprwdx'f(x')g(x -x")
VZT[ —00 —00

= L joo dx de’e‘ipr(x') (x —x")
V27T —00 g

= — [yt [ axergte- )
—m_mx X _Ooxe gxX —Xx

Let y=x-x', dx=dy, x = 00 = y = +oo

B3
If y(t) is a contour

Jaevorr®) = | feds
Y
C:z=Re®,0<6<2m

dx_ "0 — iRei®
dg—y( = iRe
21

[dx f(2) =f iRe®do
0

(Reie)n

For b)
ff(z)dz = Z anfdzzn
c n=——N c
Vanishes unless n=-1,n = —1 - 2mi = 2mia_4
)
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@ 1
I = J_Oo dx 1772
Use cauchy's theorem on y
yL,z=x,—R<x <R
¥»z=Re®,0<0<nm
Let

f(2) =
Then

f f(2)dz = 2mi{Res(f, Zi)}ziinsidey
Y1tY2

1+ x2

f@ =1
Poleswhen1+ z%2 =0
z?2=-1
z =i

i
J f(z)=2nmix—==m
Y1tY2 2
IF

i

—->0asR - o

Lﬂmm

R
1
=>.L1f(z)dZ=JRdx1+x2—>7r(asR—>00)

-0

R — oo,

Lf@wz

d)
Use

& =as
Ony =y, +y, of partc

&= e
f(z) has a double pole at z = +i

f f(z)dz = 2mia_,

Y1t72 ]
a,—->z=1i

9(2) = (z-1)*f(2) =

Expand this about z=I
Note

R ST O
f(Z)_(Z+i)2:nZ(; n!

letz=i+A (A=z—1)

(z+10)?

(z-D"

z=i

11 _(l)z 1
27 (9 27 \92; 2
(z+1) (2i +4) 2i (1+2Ai)

1

SRTAPE
=—g\im 25—~z
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Ony;
If (2]

_‘ 1
1422

=TT o1
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